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equatorial plane is equivalent to an absorbing plane. For 
this reason, we form the limit function 
u(r,O,p;T) = lim lim t-ln(r,O,cp;r) = 

c-0 7-0 
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In the limit t - 0 in eq B3, only the terms with n = 1 
survive. The sum on CY is replaced by an equivalent sum 
on i where si denotes the ith positive root of J3j2(x)  = 0. 
The limit function u(r,8,p;7) is proportional to the prob- 
ability density of the location of the chain end at  r,O,p (in 
the hemisphere of radius R above the impenetrable 
equatorial plane) for those chains of length T which start 
immediately above the origin and never wander outside 
the hemisphere of radius R. The integral over the hem- 
isphere, 

is proportional to the fraction of all chains which start a t  

the origin, are of length T ,  and are contained in the 
hemisphere of radius R above an impenetrable surface. 
The normalized fraction is 

\ ~ ( R , T )  = c-~+(R,T)  
where 

c = lim ‘$(R,T) 
R-== 
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Notes 
Entanglement Networks of 1,2-Polybutadiene 
Cross-Linked in States of Strain. 6. The Second 
State of Ease 
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The cross-linking of 1,2-polybutadiene strained in simple 
extension has been described in previous papers of this 
series.’-3 When a strained sample with stretch ratio A. is 
cross-linked with 7’ irradiation near the glass transition 
temperature (TJ, the resulting cross-link network traps 
the entanglements originally present; after release and 
warming, the sample seeks a state of ease with stretch ratio 
A, in which the forces associated with the cross-links and 
the trapped entanglements act in opposite directions. 
From and A,, together with stress-strain measurements 
in small extensions from the state of ease, or simply from 
the equilibrium stress at Ao, the concentration of trapped 
entanglement strands vN can be calculated; the proportion 
of entanglements trapped, T,, can be compared3 with the 
theory of L a n g l e ~ . ~  

It was recognized when these experiments were 
undertaken5s6 that untrapped entanglements might a t  first 
contribute to the retractive force toward the original 
unstrained state so that a first state of ease A,’ would be 
reached followed by partial reversal of the retraction to 
a second state of ease A, as the strands terminated by 
untrapped entanglements rearrange their configurations. 
Until recently, only one state of ease was observed; or- 
dinarily, the retraction kinetics and the relaxation of 
untrapped entanglement strands involve similar time scales 
and are not di~tinguishable.~ However, if the degree of 
cross-linking is very slight, and precise length measure- 
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ments are made, a reversal of retraction can be observed, 
as described in the present note. 

A 1,2-polybutadiene with 96% vinyl microstructure, 
number-average molecular weight 96 000, Tg -10 “C, 
generously supplied by Dr. G. G. A. Bohm of Firestone Tire 
and Rubber Company (previously3 identified as Polymer 
C), was strained in simple extension to a stretch ratio A. 
of approximately 1.9 and cross-linked by y irradiation as 
previously de~cribed.l-~ Distances between fiducial marks 
on the sample strip were measured by a travelling mi- 
croscope before irradiation. During irradiation, the sample 
was attached to a steel band,3 and after irradiation the 
stretched length was measured on the band. Finally, the 
sample was released and flattened on a base of Teflon; 
distances were measured again by a travelling microscope, 
first a t  0 “C, then a t  higher temperatures where the re- 
laxation processes are faster. All lengths were corrected 
for thermal expansion with a linear expansion coefficient 
of 2.5 X deg-l to a reference temperature of 23 “C. 
Only the last portion of the retraction is measured by this 
procedure, since 80% of it or more occurs before the first 
measurements are taken. 

From the values of A. and A,, the ratio Rd = v J v N  can 
be calculated, where Y, is the concentration of network 
strands terminated by cross-links, by use of a three- 
constant Mooney-Rivlin formulation.2 With additional 
data on stress-strain relations in deformation from the 
state of ease, both Y, and V N  can be calculated, and from 
them the average number of cross-link points per original 
molecule (y) and the experimental fraction of entangle- 
ments trapped (TJ. For one sample, these quantities were 
estimated from other data on a sample with similar 
thermal history and irradiation dose. All values are 
summarized in Table I for these experiments. 
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Table I 

dose, VN, V X I  
expt eV/g20 mol/cm3 mol /cm3 
no. x 10-  A s  Ro' x 104 x lo1 Y T e  
239 1.5 1 .968  1.128 0.255 0.48a 0.12a 2.3O 0.20a 
243 3.0 1.867 1.179 0.418 1.39 0.58 7.3 0.56 
24 5 4.5 1 .850  1.222 0.561 1 . 8 3  1 .03  12 .1  0.74 

Estimated from data o n  a sample with similar dose and thermal history. 
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Figure 1. Retraction to the state of ease: plots of A ( t )  against 
log t for three samples a t  temperatures indicated (corrected for 
thermal expansion). Additional information is given in Table I. 

The stretch ratio during retraction, X(t),  is plotted 
against the logarithm of time t after release in Figure 1. 
The temperatures at which measurements were made are 
indicated. For the lowest cross-linking, R,,' = 0.255, a 
reversal is seen after the sample is warmed to increase the 
molecular mobility. If the temperature had been kept a t  
0 "C, a far longer time would have been required. After 
the final state of ease is reached, there is no effect of 
temperature, as shown by alternation of low and high 
temperatures. For higher cross-linking, Rd = 0.42, the 
reverse retraction is much less, and for R,,' = 0.56 it is 
absent. 

The slow reversal can be attributed to the relaxation of 
untrapped entanglements on dangling branched structures, 
as can the very slow relaxation processes observed in 
conventional networks with low degrees of c r~ss- l ink ing .~~~ 
Recent statistical calculations by Pearson and Graessleyg 
show that the proportion of dangling branched structures 
should increase markedly with decreasing R( ,  and in the 
light of the reptation concept of de GenneslO any branched 
structure should relax exceedingly slowly. 

The minimum in X(t )  cannot be identified with a first 
state of ease &' with any simple significance, however, since 
some of the untrapped entanglements will relax during the 
first stage of the retraction. In fact, if none of them had 
relaxed in the sample with Ro' = 0.25, a minimum in X ( t )  
of Amin = 1.03 would have been reached instead of the 
observed value of about 1.104. 

4)" KU 

Figure 2. Mechanical model to simulate networks of cross-links 
and trapped entanglements together with untrapped entangle- 
ments on dangling structures. 
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Figure 3. Retraction curve calculated for model of Figure 2 with 
C1 = 0.864, Cz = -0.024, A, = 1.128, 71 = ~ O O S ,  7 2  = lo6 S. 

The behavior seen in Figure 1 can be imitated quali- 
tatively by the crude linear mechanical model shown in 
Figure 2. Here K is a spring constant representing the 
sum of the cross-link and trapped entanglement networks; 
if the former exerts a force proportional to X - Xo and the 
latter a force proportional to X - 1, the net force is K(X - 
As). The friction 4 is a measure of the retardation of the 
motion of these networks. The spring constant K,  refers 
to the contribution of the untrapped entanglements, re- 
laxed by the dashpot & which has a much larger friction 
coefficient because of the branched structures. The course 
of retraction for this model can be expressed as X( t )  = 
Cle-t171 + CZe-f/r2 + X, where C1 and C2 can be obtained 
from A,-,, As and A&,, (provided T~ and 7 2  are well separated); 
T~ and T~ are rather complicated functions of the coeffi- 
cients of the model.ll To compare the model with the 
sample with R,,' = 0.25, C1 and C2 were calculated from Xo, 
A,, and Amin, and T~ and T~ were chosen rather arbitrarily 
to place the time dependence in similar regions of the time 
scale. The result is shown in Figure 3, which qualitatively 
resembles the bottom curve in Figure 1 (more extended 
in time scale because it was calculated for a constant 
temperature). No more can be expected since Hookean 
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elasticity has been assumed together with a single re- 
laxation time instead of a relaxation spectrum in each of 
the two time scale regions. However, it shows that the 
essential features correspond to a model in which the 
contributions of trapped and untrapped entanglements are 
represented. 

The first time constant, T ~ ,  is 3 X lo2 s a t  0 "C. This 
is nearly lo2 larger than the longest relaxation time in the 
transition zone, corresponding to configurational rear- 
rangement of an average strand between two entanglement 
loci; the latter can be estimated by applying the Rouse- 
Mooney theory12 to viscoelastic measurements of Sanders13 
on a polybutadiene with 91.5% vinyl and correcting for 
the difference in microstructure by the free volume 
equation used by Rhee and Ferry,14 and finally applying 
an experimentally determined shift factor from 25 to 0 "C. 
The difference may be partly due to the cyclization of vinyl 
groups which occurs in irradiation15 and presumably 
stiffens the molecule as well as altering the free volume. 
It seems reasonable that the time scale of the first stage 
of the retraction is set by configurational rearrangements 
of strands between entanglements, whether trapped or 
untrapped (for low Rd, the cross-links are greatly out- 
numbered). The second time constant, lo6 s, is reasonable 
compared with the very slow relaxation times observed in 
lightly cross-linked conventional networks and attributed 
to untrapped entanglements of branched structures. 

Another 1,2-polybutadiene with 88% vinyl, number- 
average molecular weight 236 000, Tg -18 "C (polymer B3), 
was studied similarly over a range of Rd from 0.013 to 
0.200. The retraction curves were similar in shape to the 
bottom curve in Figure 1, but with no reversal. The re- 
traction a t  0 "C was more rapid than that of polymer C 
at  similar Rd,  because of the lower Tg,  but the rate di- 
minished rapidly with decreasing Rd. Because of the 
higher molecular weight, a lower v, is required to corre- 
spond to a given y which determines T,, upon which in 
turn the presence of dangling branched structures depends. 
But a small u, means a small R,,' and A, is only slightly 
larger than 1, so a minimum below A, would be difficult 
to  detect. 

The result of relaxation of untrapped entanglements is 
somewhat analogous to that of a sequence of operations 
discussed by Flory,16 in which two stages of chemical 
cross-links are introduced, first in the unstrained state and 
then in a state of strain, and some of the first-stage 
cross-links are subsequently removed. The predictions of 
Flory for A, under these circumstances (corresponding to 
neo-Hookean stress--strain relations) have been numeri- 
cally evaluated for some specific cases.5 Comparison with 
the bottom curve of Figure 1 is not successful, however; 
given the known total concentration of entanglements, the 
correct A, is predicted by the Flory theory only for much 
larger values of V N  and v, than are actually found. The 
discrepancy probably arises from the assumption in the 
theory that the initial molecular weight is infinite; Le., 
molecular ends are not taken into account. 
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When a polymer is exposed to ionizing radiation, both 
chemical and physical changes occur. Previously chemical 
changes have been monitored via quantitative gas anal- 
yses,l sol-gel partition,2 free-radical scavenging  technique^,^ 
or intrinsic viscosity  determination^,^,^ while the total 
damage has been measured by cryoscopy.6Bs This note 
presents X-ray diffraction data on semicrystalline isotactic 
poly(methy1 methacrylate) (PMMA) that verify the 
magnitude of radiation damage observed previously by the 
melting point depression  technique.'^^ On the assumption 
that the probability of radiation-induced changes are 
equivalent in both crystalline (x,) and amorphous fractions, 
a value for G(-units) = 15 results from the relative decrease 
in crystallinity as a function of dose. 

Two batches (A and B) of amorphous stereoregular 
PMMA were crystallized from 4-heptanone and outgassed 
under v a c u ~ m . ~ J ~  Additionally batch B, which had been 
heat treated for 2.5 h a t  120 "C, was subdivided and heated 
for 48 h at  100 "C (designated batch B-1). All powders 
were irradiated in air at  30 "C using a Cs-137 y-ray source 
at  a dose rate of 0.80 Mrad/h. Crystallinity of all powders 
was measured with a Philips Norelco diffractometer in the 
reflection mode with stabilized Cu K a  radiation at  35 kV 
and 20 mA. As reported earlier,* several precautions were 
taken to insure an invariant baseline over the range, 28 = 
5-25'. All data were analyzed by a modified method of 
Hermans and Weidinger"J2 whereby a correction was 
employed for any shifts that might occur to the amorphous 
halo as a function of dose.13 

Table I summarizes the results of the present experi- 
ments. As was done on isotactic PMMA previously,8 the 
heights of three crystalline reflections were scaled off the 
X-ray scans: 28 = 8.8, 14.5, and 17.2'. Rather than an- 
alyzing these peaks individually, however, they were 
summed since a more reliable data base resulted by ac- 
cumulating the crystalline (I,) and amorphous (I,) in- 
tensities on a per scan basis. Results of the regression of 
I ,  on I ,  are illustrated in Figure 1. From the intercept, 
which represents x, = 1.0 ( X I ,  = 302; cf. Table 11), the x, 
of each sample was determined, the maximum of which 
equalled 0.69 (cf. Table I). When x, was plotted against 
dose (D) for each batch (Figure 2), three regression lines 
resulted having slopes of -1.09 X -3.16 X and 
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